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Buckling or Transverse Deflections of Unsymmetrically
Laminated Plates Subjected to In-Plane Loads
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Numerous research publications purport to give in-plane buckling loads for unsymmetrically laminated
composite plates. In many of these cases, bifurcation buckling is impossible; that is, transverse deflection is
initiated, regardless of the magnitude of the loading. In the present work, finite element studies are made of four
types of unsymmetrical laminates, including antisymmetrical ones. Twelve sets of edge constraints are consid-
ered. Maximum values of transverse deflection are determined for uniform and linearly varying in-plane
boundary forces, including uniaxial, biaxial, and shear. Cases where the plate remains flat are thereby also
identified. Results confirm a theoretical analysis previously made. Cases for which improper buckling results are
often reported in the published literature are identified.

Introduction

T is generally known that laminated composite flat plates

that are fabricated in stacking sequences that are unsym-
metric with respect to their midplanes will typically bend and
twist when subjected to in-plane compressive loads. This is
due to the coupling between in-plane and out-of-plane dis-
placements that exists in the stiffness of such plates.

For certain special cases of stacking sequences, boundary
conditions and in-plane loading, unsymmetric laminates will
not bend or twist when compressive loads are applied to their
midplanes but will remain flat until the bifurcation buckling
load is reached. Theoretical values of the buckling load in such
cases may be obtained by solving an eigenvalue problem.
Examples of problems having buckling loads were shown by
Whitney and Leissal> for uniaxially and biaxially loaded,
angle-ply rectangular plates having two types of simply sup-
ported edge conditions. For one type, where the edges are
subjected to normal in-plane constraint (#, =0), closed-form,
exact solutions for the eigenvalues (nondimensional buckling
loads) were obtained.! For the other type, where no normal
in-plane constraint is applied, eigenvalues were obtained by
accurate, but approximate, methods.?

In the past two decades many analyses have been published
for the buckling of unsymmetric laminates where such buck-
ling cannot physically exist,>?? although in a few in-
stances®1%!! the researchers did realize that transverse deflec-
tion did occur in the prebuckled state and that bifurcation
buckling did not take place. One configuration often used in
such incorrect analyses is the simply supported, antisymmetri-
cally laminated cross-ply plate, having uniaxial or biaxial
loading. Others often used are angle-ply or cross-ply plates
having the uniaxially loaded edges simply supported or
clamped, with the other two edges free.

In 1986 the second author published a paper? that proved
under what conditions laminated plates remain flat under
in-plane loadings; that is, for what types of stacking se-
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quences, boundary conditions, and in-plane loadings buckling
situations may arise. It was proved that buckling may always
occur for symmetric laminates with arbitrary in-plane loading
and boundary conditions. For unsymmetric laminates it was
proved that buckling may occur under uniform and/or lin-
early varying in-plane loading (Fig. 1) in the following situa-
tions: 1) general unsymmetric laminates, provided that proper
bending and twisting moments are applied at the edges and
that additional transverse edge forces are applied in the case of
linearly varying loads; 2)antisymmetric angle plies, with
proper edge twisting moments for uniaxial or biaxial loading,

‘and edge bending moments for in-plane shear loading; and

3) antisymmetric cross plies, with proper edge bending mo-
ments for uniaxial or biaxial loading, but no edge moments
required for in-plane shear loading.

It was also proved?® that, when in-plane loadings that are
neither constant nor linearly varying are applied to any un-
symmetrical laminate, the plate will not remain flat, in gen-
eral, unless proper transverse pressure and/or tangential trac-
tions are simultaneously applied to the plate surfaces, which is
a practically unrealistic situation.

The incorrect analyses®2? mentioned earlier that yield phys-
ically incorrect solutions arise because mathematically homo-
geneous differential equations (or corresponding energy prin-
ciples) governing the neutral equilibrium state present in
bifurcation buckling, along with homogeneous boundary con-
ditions, are applied that are inconsistent with the prebuckling
boundary conditions. More will be said about this later. Such
a trap is easy to fall into. Indeed, the second author himself
fell into it (after writing Ref. 23!) in a study of the accuracy of
the reduced stiffness theoretical model for representing un-
symmetrically laminated plates.?* There, results for static
transverse loading, free vibrations, and buckling (uniaxial and
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Fig. 1 Uniaxial and biaxial linearly varying in-plane stress resultants.
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biaxial loading) for cross-ply and angle-ply laminates having
simply supported edges were presented, although the cross-ply
laminates do not remain flat under uniaxial or biaxial load-
ings.

The present paper is being written with the following objec-
tives in mind: 1) to substantiate the conclusions reached in the
previous work?? by means of a finite element analysis capable
obtaining correct and accurate results; 2) to elaborate on these
conclusions and show, in detail, for what types of laminates,
boundary conditions, and in-plane loadings bifurcation buck-
ling may occur; and 3) to identify further what particular
problems have misled analysts in the past, so that researchers
and designers may avoid these pitfalls in the future. The finite
element method is used because exact solutions for the trans-
verse displacements due to in-plane loadings are possible in
only certain very special cases.

A byproduct of this work is a set of extensive results for the
small, transverse deflections of unsymmetrically laminated
plates having various types of edge conditions, subjected to
several types of in-plane loading. Although a few results are
available in the literature for nonlinear, large transverse de-
flections,?*-?7 the authors are unaware of any previous studies
of the linear, small transverse deflections of unsymmetric
laminates having a variety of in-plane loading and edge condi-
tions.

Description of the Finite Element Analysis

The strain- and curvature-displacement relations for plates
are?
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where € and €) are normal strains and v, is the shear strain;
ky and «, are bending curvatures, and 7 is the twist; and u, and
vy are in-plane displacements, and wy is the transverse dis-
placement. All of these quantities are measured at the mid-
plane of the plate.

Strains at arbitrary points throughout the thickness of the
plate follow from the Kirchhoff hypothesis (normals to the
midplane remain straight and normal during deformation of
the plate):

5x=62+§"<x, Ey=€2+§Ky, 7xy=72y+§-7’ )
where ¢ is a coordinate measured normal to the midplane.
The force and moment resultants are written in terms of

the midplane strains and curvature changes as®
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where N, and N, are in-plane normal force (resultants), and
N,, is the shear stress; M, and M, are in-plane bending mo-
ment resultants, and M,, is the twisting moment, all per unit
length. The A;;, D;;, and B;; are the stretching, bending, and
stretching-bending (coupling) stiffness coefficients. For sym-
metrically laminated plates all B;; are zero, but for unsymmet-
rical laminates they are not.

The total potential energy of a plate element loaded with p,,
Dy, and p, pressures, in the x, y, and z directions, respectively,
as well as edge loads is

n=- S S (Nxeg + Ny € + Ny %y + Myky + My,
A
+ M, 7— Dyt — pyv —p,,w> dA4

—S <—M,, a_w +V,w+Nyu, +N,,,u,> dL )
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where 4 and L are the element domain and boundary, respec-
tively, and 7 and f represent the directions normal and tangen-
tial to the boundary, respectively. The (%) in the previous
equations will be dropped in the subsequent analysis for con-
venience.

A typical quadrilateral plate finite element is used. The
displacements u, v, and w are interpolated within the plate
element using the following expressions:

Jy

u=Y w¥;(xy)
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J3 (5)
w= 21 w, ¥, (x,y)
=

where ¥; represent the shape functions, and u;, v;, and w; are
nodal point displacements.

Substituting Egs. (5) into the strain- and curvature-displace-
ment relations (1) yields

e=Bu ©)

where e is the vector of midplane strains and curvature
changes (Eq. 3), and u is the vector of nodal displacements.
Taking the variation of the potential energy (4) yields
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Substituting Egs. (3) and (6) into Eq. (7) yields the following
equation:

Ku=f (8)

where K and f are the plate element stiffness matrix and
generalized force vector, respectively.

By specifying the values J;, and J5, and J;, the stiffness
matrix and generalized force vectors can be derived for differ-
ent elements. Algebraic polynomial shape functions and quad-
rilateral isoparametric elements of four and eight nodes were
used.?®

To verify the correctness of the stiffness matrix and to
determine the element convergence characteristics, solutions
using the previous elements were compared with exact solu-
tions for laminated plates with shear diaphragm boundaries
subjected to uniform transverse loading.!® Table 1 shows a
comparison between results obtained for cross-ply laminated
plates using various elements and mesh sizes. The plate is
square of side length a; 4 is its thickness; E), E,, and Gy, are
orthotropic elastic moduli for the composite material plies;
and »,, is Poisson’s ratio. Although the previous elements are
nonconforming, they give reasonably accurate results for the
unsymmetrically laminated plates. A mesh of 100 eight-noded
elements is chosen for the subsequent analysis. Thus, the plate
has 1705 discrete degrees of freedom before the boundary
conditions are applied.



QATU AND LEISSA: UNSYMMETRICALLY LAMINATED PLATES 191

Table 1 Comparison of parameters obtained by exact and finite
element solutions at the center of a uniformly loaded simply
supported [0,90] laminated plate?

Analysis w Ny Ny Ng My M, My
Exact 2912 -4 4 0 519 519 O
36 four-noded elements 2662 -2 2 0 528 528 O
100 four-noded elements 2819 -7 7 0 524 524 O
400 four-noded elements 2887 -2 2 0 522 522 O
36 eight-noded elements 2797 —~8 8 0 492 492 0
100 eight-noded elements 2819 -5 5 0 514 514 O

*a/h =100, E\/E,=15.4, G,/ E;=0.79, v,,=0.3, W= 10* X wEh*/qa*, 1M, M,,
M) =10°x [M,, M, M,)/qd% [N, N,, N,1=10*xIN,, N, N,]/qa

Numerical Results

The finite element computer program described in thé pre-
ceding section was used to perform a deflection and bending
moment analysis for a set of square, laminated composite
plates having various layer stacking sequences, boundary con-
ditions, and in-plane loadings. Layers were orthotropic, with
material properties representative of a graphite/epoxy com-
posite: E; =104 GPa (15 x 106 psi), E,=6.9 GPa (10 psi), G,
GPa (0.5x10% psi), and »;,=0.25. Plate dimensions were
taken as 2.54 m X 2.54 m (100 x 100 in.), with a total thickness
of h=25.4 mm (1 in.).

Four types of stacking sequences were used, two having two
layers, and two having four layers, with all layers in a given
laminate having the same thickness: 1) [0,90] —antisymmetric
cross ply, 2) [30, — 30]—antisymmetric angleply, 3) [30, 30, 30,
— 30]—unsymmetric angle ply, and 4) [0, 15, 30, 45]—unsym-
metric general. Elements of the stiffness matrix in Eq. (3) are
given in Table 2 for each of the four laminates used. By
studying Eq. (3) and the values given in Table 2, especially the
B;; elements, one can understand better how an unsymmetric
laminate deforms due to in-plane loads.

Twelve combinations of edge conditions were investigated,
which fall into three groups, each having four combinations:
1) opposite edges that are either simply supported or clamped;
2) two opposite edges that are simply supported or clamped
and the other two that have no transverse displacement con-
straint; and 3) representative cases that have only one axis of
planform symmetry in the edge conditions, compared with
two symmetry axes for the first two groups. The 12 combina-
tions are shown in the first column of Tables 3-6. The designa-
tion CSCF, for example, identifies a plate that has the edge
x =0 clamped, whereas the remaining three edges are simply
supported, clamped, and free as one moves continuously
around the boundary. The symbol ‘X’ identifies an edge that
has a slope constraint (dw/dn = 0) only and is therefore capa-
ble of generating reactive, normal edge moment but no trans-
verse shearing force. It may be called a ‘‘sliding clamp,”” with
the sliding occurring in the transverse direction.

The aforementioned combinations are studied because of
their frequent appearance in the literature for buckling stud-
ies. Furthermore, they give an indication of the effect of each
added boundary constraint on the transverse displacement. In
the cases where the plate remains flat, the preceding analysis
can give the values of the moments required on the edges to
keep it flat.

Since this is a static problem, either the forces (or moments)
or the displacement (or slope) may be specified at each
boundary. In the present study, in-plaiie forces are applied;
subsequently no constraints are applied to the in-plane dis-
placements. )

Seven types of in-plane loading were applied to each plate,
as shown across the top of Tables 3-6. The first four are
uniform (constant), whereas the last three are linearly varying.
The uniform loading cases include uniaxial loading of unit
magnitude in each direction, biaxial [N, =N, =175 N/m (1
b/in.)] loading, and shear loading. The stress resultant N, , for
example, is applied to the edges x =0 and 2.54 m (100 in).

Data are given only for positive in-plane shear loading. In
Fig. 2 a [30, — 30] antisymmetric angle-ply plate is subjected to
positive shear loading (V). For negative shear the directions
of the edge loadings would all be reversed. Although buckling
loads of symmetrically laminated, angle-ply plates are typi-
cally different for positive and negative shear,*® the linear
transverse deflections of the present analysis for unsymmetric
laminates are found to simply change sign as the shear stress
changes sign. The linearly varying loads used in Tables 3-6 are
axial and biaxial, but are not shear. The linearly varying N,
and N, have average values of unit load (maximum values of
two). Linearly varying shear stress is unacceptable, because it
violates the equations of in-plane equilibrium for all plates.

Tables 3-6 list the maximum values of transverse deflection
determined for a plate with prescribed unit in-plane loading
and edge conditions. These data were obtained from deflec-
tion contour plots made for each case (7 X 12X 4 =336 cases).
In certain cases the maximum deflection occurs at the plate
center, but in most cases it does not.

Discussion of Results

Consider first the antisymmetrically laminated cross-ply
(ALCP) plate. In the previous theoretical analysis,” it was
shown that such plates require edge bending moments to be
applied for uniaxial or biaxial loading, if the plate is to remain
flat. This is confirmed in the first three numerical columns of
Table 3 where one sees that zero deflection occurs only when
all edges have either rigid (C) or sliding (X) clamps.

Numerous researchers have published uniaxial bifur-
cation buckling loads for simply supported ALCP
plates.3:7-10:12-15,19-21 The first row of data in Table 3 shows
clearly that such buckling cannot occur. Indeed, quite a large
deflection (116.1x 10~* mm) takes place at the plate center
due to the uniaxial compressive loading; that is, it is two

Fig.2 Two-layer angle-ply (30 deg) plate subjected to positive
in-plane shear stresses.

Table 2 Nondimensional stiffness coefficients for the four
laminates used®

Laminate
Coefficient  [0,90] [30, —30] [30,30,30, — 30] 10,15,30,45]
Ay 8.03 9.00 9.00 10.50
Apn 8.03 1.98 1.98 2.18
Aegs 0.50 3.04 3.04 2.20
A 0.25 2.79 2.79 1.94
Al 0 0 2.26 2.81
A 0 0 0.79 1.34
B -1.76 0 0 -1.11
By 1.76 0 0 0.37
B 0 0 0 0.37
By 0 0 0 0.37
Bis 0 -1.13 —0.85 0.37
By 0 —-0.39 —-0.30 0.37
Dy 6.69 7.50 7.50 8.34
Dy, 6.69 1.65 1.65 2.22
Degs 0.42 2.54 - 2.54 1.83
Dy 0.21 2.33 2.33 1.62
Dig 0 0 0.47 1.68
Dy 0 0 0.16 1.38
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orders of magnitude larger than when the loaded edges are
clamped (1.3 X 10~* mm), and three times as large as when the
unloaded edges are clamped (39.9 x 10~* mm). Another recent
study®! made theoretical and experimental investigations of

" uniaxially loaded ALCP plates having CSCS edges. Theoreti-
cal bifurcation buckling loads were obtained by two meth-
ods—Ritz and finite elements—although it was pointed out
that all experimental data indicated transverse deflection from
the onset of the loading (instead of buckling).

Extensive buckling loads are also found in the literature for
ALCP plates having their loaded edges either simply sup-
ported or clamped and the unloaded edges free.!%11.15:17,18.21
Table 3 shows a very large deflection for the SFSF case
(244.3x10~* mm), and a small one for the CFCF case
(—2.5x 10~* mm). Thus, for the CFCF case, one could more
likely identify apparent buckling in experiments.!! Uniaxial
buckling loads were also claimed?? for such plates with SESF
edges, where ‘“‘E’’ denotes a simply supported edge with elastic
rotational constraint, but Table 3 shows that buckling cannot
occur in this case either because the SESF case is more flexible
than the SXSX, which has relatively large deflection.

It was previously shown? that ALCP plates loaded by in-
plane shear (NV,,) require no bending or twisting moments
along their edges to remain flat. This is substantiated for all
edge conditions in Table 3.

For linearly varying N, and N, it was proved that linearly
varying edge moments and uniform transverse shears must be
applied at all edges to keep an ALCP plate flat.?* This condi-
tion is possible only for CCCC edge conditions. Table 3 shows
very small maximum deflections (0.3 X 10~* mm) occurring
for such edge conditions, which are the result of numerical
inaccuracies in the finite element computations. Small deflec-
tions, which are not due to numerical inaccuracy, are observed
for CXCX and CCCX edges in Table 3. Thus, the missing
reactive shear forces on one or two edges are not as important
as the reactive moments in providing transverse stiffness (com-
pare CXCX with CSCS results).

The conclusions reached earlier for the ALCP plate are all
valid also for general, unsymmetrically laminated cross plies.

Resuits for the antisymmetrically laminated angle-ply
(ALAP) plate are shown in Table 4. According to theoretical
analysis,? such plates require edge twisting moments for uni-
axial or biaxial loading if they are to remain flat. The twisting
moments may be supplied by either clamped (C) or simply
supported (S) edges, but not by sliding clamps (X). That
conclusion is supported by the data in the first three columns
of Table 4 for SSSS, CSCS, SCSC, and CCCC plates. How-
ever, it is noted that only small values of deflection arise for
the other eight types of edge conditions, where twisting mo-
ment is unavailable at one or two of the edges. That these
deflections are small could explain why researchers have
claimed experimental buckling loads for uniaxially loaded

Table 3 Maximum deflection (Wmax X 10 mm) of a square,
antisymmetric, cross-ply [0,90] plate subjected to in-plane loads

Edge Uniform Linearly varying
conditions . N Ny Ny=N, Ny, Ny Ny Ny=N,
SSSS 116.12 —116.1 +13.5 0 116.3 —116.3 x£22.6
CSCs 1.3 -399 -38.6 0 2.0 -39.6 -39.1
SCSC 399 -1.3 38.6 0 39.6 -2.0 39.1
CCCC 0 0 0 0 -03 0.3 +0.3
SFSF 244.3 112.8 357.1 0 4224 118.4 5349
CFCF -2.5 83.8 81.3 0 -38 86.9 85.1
SXSX 244.3 -7.6 236.7 0 3409 -79 3332
CXCX 0 0 0 0 1.3 0.5 1.5
SSSF 268.7 124.0 3929 0 432.1 1293 556.0
CSCF -2.8 88.9 86.1 0 -38 917 87.9
SCSX 200.7 —62.7 194.6 0 3106 —-6.6 3043
CCCX 0 0 0 0 1.0 0.5 1.5

*Underlined values are when maximum deflection is at center of plate (x =y
=1.27 m).

Table 4 Maximum deflection (Wmax X 104 mm) of a square,
antisymmetric, angle-ply [30, — 30] plate subjected to inplane loads

Linearly varying
Ny =N,

Edge Uniform
Ny=Ny Ny Ny Ny

conditions Ny Ny

SSSS 0 0 0 —177.82 +0.5 =x1.3 +1.5
CSCS 0 0 0 -203 05 <x1.0 +1.0
SCSC 0 0 0 —838 x£0.5 +1.0 =x1.3
CCCcC 0 0 0 0 03 <038 +1.0
SFSF +0.5 +0.3  +1.0-351.0 1.5 +40.6 =x41.1
CFCF +0.0 +0.8 +0.8 526 0.8 +94 +9.4
SXSX +0.3 +0.3 +0.5-354.1 0.8 *21.6 =21.8
CXCX +0.0 +0.5 +0.5 0 +£0.5 5.1 +5.1
SSSF +0.5 +0.3 +£1.0-284.5 *1.5 47.8 48.0
CSCF +0.0 +0.8 +0.8 523 0.8 9.7 9.4

SCSX +0.3 +0.0 +0.5-259.3 +0.8 27.4 27.7
CCCX +0.0 +0.5 +0.5 0 +0.5 5.1 5.1

aUnderlined values are when maximum deflection is at center of plate (x =y
=1.27 m).

ALAP plates with CFCF'? or SFSF* plates. However, there is
no justification for the theoretical bifurcation buckling loads
obtained from eigenvalue problems for CFCF,!! SFSF,*10.17.18
and SCSF?16.18 plates.

It was previously proved?® that ALAP plates loaded by
in-plane shear (N,,) must have edge bending moments for
buckling to occur. This is clearly seen in Table 4, where rigid
or sliding clamps (C or X) are required along each edge to have
no transverse deflection. It is seen that quite large deflections
occur for SSSS plates loaded in shear. Recently published
buckling results for SSSS ALAP plates loaded in shear!? are
therefore improper. A buckling optimization procedure which
was applied to such plates’ is also invalid.

The results shown in Table 4 for linearly varying /V, and N,
are not quite consistent with the previous analysis.”* Accord-
ing to the analysis, ALAP plates should require linearly vary-
ing twisting moments and uniform transverse shears along the
edges to remain flat. The first four sets of edge conditions
(SSSS, CSCS, SCSC, and CCCC) in Table 4 can provide the
needed restraints, but small deflections are observed. This is
probably because the finite element model can only approxi-
mate the linear stress variation along the boundaries by means
of forces applied at discrete boundary points. Much larger
deflections are seen in Table 4 for the other eight sets of
boundary conditions, all of which have at least one edge (F or
X) that cannot provide twisting moments or transverse shears.

It should be mentioned that the ALAP plate used for the
results of Table 4 has alternation ply angles ([ + 8, —6]). How-
ever, ALAP plates having more general stacking sequences
(e.g., [+6,, +6,, —8,, —0,]) would yield the same general
conclusions (e.g., remaining flat under uniaxial or biaxial
in-plane loadings). For all ALAP plates, Bjs= B =0, but all
other Bj; are zero, which is the common criterion determining
whether the plates remain flat.

The unsymmetrically laminated, four-layer plate of Table 5
may be considered the same as an antisymmetrically laminated
[30,30, — 30, — 30] one (which is the same as the [30, —30] plate
of Table 4), except that one of the inner layers has been
changed from —30 to +30 deg. Both bending and twisting
moments must be supplied to unsymmetric laminates for them
to remain flat, regardless of the in-plane loading. Therefore,
the maximum transverse deflections shown in Table 5 for
CCCC edges are all nearly zero. An interesting anomaly is
that, for uniform in-plane loads, the sliding clamp (X) causes
no significant decrease in plate stiffness from that of the rigid
clamp (C), provided that at least two of the edges are rigidly
clamped (compare CCCC, CXCX, and CCCX data in Table
5). Comparing Tables 4 -and 5 further, one sees that typically
the maximum transverse deflection occurring for the [30, 30,
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Table 5 Maximum deflection (Wmax X 104 mm) of a square, unsym-
metric, angle-ply [30,30,30, — 30] plate subjected to in-plane loads

Edge Uniform Linearly varying
conditions N Ny Ny=Ny, Ny Ny Ny Ni=Ny
SSSS —28.42 —9.9 —384 —125.7 -30.2 -94 -—-389
CSCS -3.0 —-1.0 -4.1 —-145 -66 -15 =79
SCSC -140 -—-48 -18.8 —62.7 —13.2 -58 -18.8
CCCC 0.5 0.3 0.8 0.5 1.8 0.8 1.5
SFSF —53.6 —18.8 —72.1 —234.7 —-76.5 —-62.7 —97.0
CFCF 9.9 3.3 13.2 414 150 9.9 249
SXSX —54.4 —19.1 -734 -237.5 —82.3 -394 -82.0
CXCX 0.5 0.3 0.8 0.5 -3.8 4.3 1.8
SSSF —45.0 —15.7 -60.5 —-196.9 —71.4 249 -59.2
CSCF 9.9 3.3 13.2 41.4 15.0 10.2 249
SCSX —41.9 —14.7 -56.6 —183.4 —74.4 8.4 ~66.3
CCCX 0.5 0.3 0.8 0.5 -3.8 4.3 1.5

2Underlined -values are when maximum deflection is at center of plate (x =y
=1.27 m).

Table 6 Maximum deflection (Wpax X 104 mm) of a square,
unsymmetric, general [0,15,30,45] plate subjected to in-plane loads

Edge Uniform Linearly varying
conditions Ny N+ Nyx=Ny Ny Ny Ny Ny=N,
SSSS 99.32 -96.8 —-8.1 196.9 101.9 -98.8 27.1
CSCS 2.8 —16.8 —-14.0 19.6 6.1 —15.7 —-14.2
SCSC 533 —333 19.8 87.4 52.8 —41.1 30.5
CCCC 0 -05 —0.5 0.8 —-13 2.5 1.8
SFSF 206.8 —127.2 142.5 322.8 317.2 -170.2 161.5
CFCF -7.1 41.1 34.0 —47.2 —152 77.0  73.2
SXSX 196.3 —121.2 759 317.5 279.9 -180.3 111.5
CXCX 0.0 0.8 0.8 0.8 -25 244 218
SSSF 194.1 —114.0 133.6 283.0 309.9 -171.5 153.7
CSCF -7.1 417 34,5 —48.3 —15.2 16.8 —14.2
SCSX 162.1 ~-99.6 62.7 261.9 257.0 -—167.4 102.6
ccex 0.0 0.8 0.8 0.8 -13 -18.8 -18.3

#Underlined values are when maximum deflection is at center of plate (x =y
=1.27 m).

30, — 30] plate is considerably more than for the [30,—30]
plate, except in the case of shear loading.

The preceding comments for the unsymmetric, angle-ply
plate of Table 5 also apply to those of the unsymmetric,
general laminate of Table 6. In addition, one observes that the
more general [0,15,30,45] stacking sequence increases further
the bending-stretching coupling effects causing, typically,
much larger transverse deflections. :

Finally, it must be realized that maximum deflection is not
a rigorous measure of the stiffness of a configuration. It is
only an approximate indicator.  An example of this shortcom-
ing is seen in Table 5. Clearly, the SXSX plate is stiffer than
the SFSF plate. However, for all loadings but two, the SXSX
maximum transverse deflection data are slightly larger. This is
because those larger values occur in highly localized regions,
whereas the slightly smaller SFSF deflections occur over larger
regions.

Summary and Conclusions

An extensive finite element study has been made of four
types of antisymmetrically and unsymmetrically laminated
composite plates. Each plate was square and was constrained
by 12 combinations of edge conditions, chosen so as to deter-
mine clearly the effects of edge restraints. Seven types of
in-plane loading were applied to each of these 4x12=48
models. Finite element representations used a sufficiently
large number of degrees of freedom (1705) to obtain accurate
transverse deflection data.

The results of the numerical study just described were two-
fold: 1) it verified of the theoretical conclusions of a previous
study® based on the field equations for unsymmetri¢ lami-
nates, to determine conditions under which bifurcation buck-

ling can exist, and 2) it determined the relative magnitudes of
transverse displacement du€ to in-plane loads, when they do
not remain flat, based on linear analysis.

In particular, it was verified that for several cases true
buckling (i.e., bifurcation) cannot occur, contrary to claims
made otherwise in the published literature, especially,
1) simply supported, antisymmetrically laminated cross-ply
(ALCP) plates subjected to uniaxial or biaxial loading; 2)
ALCEP plates having uniaxially loaded edges simply supported
or clamped, and the other edges free or elastically supported;
3) antisymmetrically laminated angle-ply (ALAP) plates hav-
ing one or more unloaded edges free; and 4) simply supported
ALAP plates loaded in shear.

Plates that have combinations of the in-plane loadings de-
scribed earlier (uniform compression, uniform shear, linearly
varying compression) will also not remain flat when any one
of the loading components by itself causes deflection. Thus,
for example, buckling interaction diagrams for combined
compression and shear for antisymmetrically laminated, sim-
ply supported ALAP or ALCP plates are improper, contrary
to published results.®2

It was also shown that generally unsymmetrically laminated
plates do not remain flat when subjected to in-plane loads,
unless all edges are clamped, and that the magnitude of the
maximum transverse deflection for other edge conditions
varies greatly with the type of constraints employed.

In relatively few cases will unsymmetrically laminated plates
remain flat when subjected to in-plane loads. Consequently, in
few cases can true buckling occur. The transverse deflection
due to unsymmetric lamination is similar to that which arises
in a classical, isotropic, homogéneous plate (or in a column)
that is not flat (i.e., a geometric imperfection) or when the
loading is applied eccentrically with respect to the midplane.
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